Semisimplicity of Exterior Powers of Semisimple Representations of Groups  by McNinch, George J.
Ž .Journal of Algebra 225, 646]666 2000
doi:10.1006rjabr.1999.8132, available online at http:rrwww.idealibrary.com on
Semisimplicity of Exterior Powers of Semisimple
Representations of Groups
George J. McNinch
Department of Mathematics, Uni¤ersity of Notre Dame, Notre Dame, Indiana 46556-5683
Communicated by Robert Steinberg
Received March 5, 1999
This paper answers a question posed by Jean-Pierre Serre; namely, a proof is
given that if V is a semisimple finite dimensional representation of a group G over
Ž . ma field K of characteristic p ) 0, and m dim V y m - p, then H V is again aK
semisimple representation of G. Q 2000 Academic Press
1. INTRODUCTION
An important feature of the representation theory of a group G over a
Ž .field K is the following: given representations modules V and W of the
group algebra KG, the tensor product V m W is again a representation ofK
KG. In this paper, all representations will be assumed finite dimensional
over K. When the field K has characteristic zero, the notion of semisim-
plicity is stable under the tensor product; namely, if V and W are
w xsemisimple KG modules then V m W is again semisimple Che54, p. 88 .K
In particular, when K has characteristic 0 and V is semisimple, the
mn n Ž . n Žmodules V , H V the exterior power of V , and S V the symmetric
.power of V are semisimple for all n G 0.
If the characteristic of K is p ) 0, the tensor product is not as well
behaved. Nevertheless, Serre has established the following condition for
semisimplicity:
w xTHEOREM 1 Ser94, Theoreme 1 . Assume that K has characteristicÂ Á
p ) 0 and that V , 1 F i F r, are semisimple representations of G. Ifi
r Ž .Ý dim V y 1 - p, then V m V m ??? m V is again semisimple.is1 K i 1 2 r
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Serre also proves the following:
w xTHEOREM 2 Ser 94, Theoreme 2 . Assume that K has characteristicÂ Á
p ) 0 and that V is a semisimple representation of G of dimension n. If n
p q 3 2F , then H V is semisimple.2
Serre finally poses the following generalization of the previous result:
w xProblem 1 Ser94 . Let V be a semisimple representation of G of
Ž . mdimension n. Let m ) 0, and assume that m n y m - p. Is H V
semisimple?
Theorem 2 provides an affirmative answer to this problem for m s 2.
During the initial work on this paper, the author was also aware of
unpublished work of Serre which gave an affirmative answer for m s 3.
w xSome time after the publication of Ser94 , Serre generalized this ques-
tion a bit more, as follows:
Ž . Ž .Problem 2 Serre, unpublished . Let V s V , V , . . . , V be a sequence1 2 s
Ž .of semisimple representations of KG, and let m s m , . . . , m where the1 s
m are integers satisfying 1 F m F dim V s n for each i. Puti i K i i
Hm V s Hm1 V m ??? m Hm s V .1 K K s
Ž . mIf Ý m n y m - p, is H V semisimple?i i i i
We introduce some notations for convenience; let M denote the class of
Ž .all finite sequences V s V , . . . , V for s G 1 of semisimple KG modules.1 s
We say that V has type s if V involves s semisimple KG modules. Given
Ž .V g M of type s, let N V denote the set of all integral s-tuples m s
Ž . s Ž .m , . . . , m such that 0 F m F dim V s n and Ý n y m - p.1 s i K i i is1 i i
Ž . mGiven m g N V , we may form the module H V as above. In this paper,
we prove:
THEOREM 3. Problem 2 has an affirmati¤e answer. More precisely, for
Ž . me¤ery V g M , and for e¤ery m g N V , H V is semisimple.
Notice that the theorem implies Theorems 1 and 2, and it implies that
Problem 1 has an affirmative answer.
The chronology of the solution is as follows. The author first proved that
Problem 1 has an affirmative answer when V is an absolutely simple G
module. Upon completion of this work, the author learned that Serre had
posed Problem 2 and, at roughly the same time, verified its validity
through a quite different argument involving the notion of ``G-completely
reducible subgroups'' of a reductive algebraic group G as described in his
June 1997 lectures at the Isaac Newton Institute in Cambridge. Upon
ŽSerre's suggestion, the original techniques of the author those used in
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.answering Problem 1 in the absolutely simple case were considered for
Problem 2; this re-examination produced the proof of Theorem 3 given
here.
The result of this paper fits into a family of results relating the
w xdimension of a representation to its semisimplicity. The results of Ser94
have already been pointed out. When the group G is a reductive algebraic
w xgroup over K, Jantzen Jan96 proved that any rational representation V
with dim V F p is automatically semisimple; he proves the same for theK
Ž .finite groups of F rational points G F }although in this case one mustq q
exclude factors of type A from G.1
When G is quasisimple of rank r, the author has generalized Jantzen's
w xresult; namely, he has shown McN98a that whenever dim V F r. p, V isK
w xsemisimple. This work was extended in McN98c to cover the finite groups
Ž .G F ; however, there are a few more exceptions than in Jantzen's situa-q
tion.
Our proof of Theorem 3 follows closely that of Theorem 1 given in
w xSer94 . The basic idea is to prove the theorem first in case G is a simply
connected, connected, simple algebraic group; in this setting the argument
is handled via the linkage principle combined with weight combinatorics.
See Section 3 for the argument in this case. The result for general groups
is obtained through a saturation process. In Section 4, we adapt the
saturation procedure of Serre to obtain the desired result.
I would like to thank Jean-Pierre Serre for some valuable suggestions.
2. PRELIMINARIES AND REDUCTIONS
2.1. Notations
Tensor products, exterior powers, and symmetric powers are always
taken over the fixed ground field K unless otherwise noted. The notation
V mm means the m-fold tensor product of V with itself. When V is a
vector space, the dual vector space is denoted V U.
2.2. Some Multilinear Algebra
If G is a group, and L is any 1-dimensional KG module, any L-valued
G-equivariant non-degenerate bilinear pairing b between KG modules V
, UÄand W induces a canonically defined KG isomorphism b : V “ W m L.K
U Ž .Indeed, one can canonically identify W m L with Hom W, L ; thenK K
ÄŽ .Ž . Ž .b n w s b n , w for all n g V and w g W.
Note that in the above situation, one must have dim V s dim W; callK K
this dimension n. For any 1 F m F n, one has an induced G-equivariant
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bilinear pairing b : Hm V = Hm W “ Lmm determined by the rule
Ž . Ž Ž ..b n n ??? n n , w n ??? n w s det b n , w where the determinant1 m 1 m s t s, t
is computed in the tensor algebra of L. In particular, one has a KG
isomorphism
Um m mmÄb : H V “ H W m L . 2.2Ž . Ž .K
Ž .2.2.1. For V any KG module of dimension n, write det V for the
1-dimensional representation Hn V. For each 1 F m F n, the pairing
m nym Ž .m: H V = H V “ det V gi¤en by multiplication in the exterior algebra
of V is G-equi¤ariant and non-degenerate; hence there is a KG isomorphism
Um nymm : H V “ H V m det V .Ž . Ž .Ä K
2.3. An Example
Fix m G 2 be an integer. In this section, let K be an algebraically closed
Ž .field of characteristic p ) m, with p ’ y1 mod m . Consider the group
Ž .G s SL K , and take for V the ``natural'' 2-dimensional G module.2
When d G 1, the space SdV of homogeneous polynomials of degree d in a
Ž .basis of V affords a representation of G which we denote V d . This
Ž . wrepresentation satisfies dim V d s d q 1, and in the notation of Jan87,K
x Ž . 0Ž .II.2 , one has that V d s H d is the induced module with highest
Ž . Ž . Ž .weight d. In particular, V d has simple socle L d . Finally, V d is simple
if and only if d - p, and Steinberg's tensor product theorem 3.3.1 shows
that
w x1L d , L d m L pd s L d m L d 2.3aŽ . Ž . Ž . Ž . Ž . Ž .0 1 0 1
if d s d q pd with 0 F d F p y 1 and d G 0.0 1 0 1
2.3.1. With G and m as abo¤e, there is a simple G module W, such that
Ž . mm dim W y m s p q 1 and so that H W is not semisimple.K
p q k2Proof. Let k s m y m q 1; by hypothesis, d s is an integer. Putm
p q kŽ .W s L d , the simple G module with highest weight d s . Sincem
p q k Ž .p ) , this simple module coincides with the module V d and hencem
p q k q m
n s dim W s . 2.3bŽ .K m
It follows that
m n y m s p q k q m y m2 s p q 1, 2.3cŽ . Ž .
as desired.
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The arguments given below in the proof of 3.5.3 for rank 1 show that
m 0Ž .p q 1 is the highest weight of H W. Since W s H d is an induced
mm Ž .module, W has a good filtration i.e., a filtration by induced modules
Ž w x.according to a well-known theorem of Donkin et al. see Mat90 .
Since p ) m, Hm W is a summand of the module W mm; hence by
w Ž .x mJan87, Proposition II.4.16 b , H W has a good filtration. Since p q 1 is
0Ž .the highest weight of this module, the induced module H p q 1 must
appear as a filtration factor. By Steinberg's tensor product theorem, the
0Ž .socle of H p q 1 is 4 dimensional. Since
p G 3, p q 2 s dim H 0 p q 1Ž .K
is at least 5, this induced module is not semisimple and the proposition
follows.
wRemark 2.1. The above generalizes the example given in Ser94, Ap-
Ž .x w xpendice, Remarque 1 . One can even argue as in loc. cit. ; one observes
Ž .that, for a G 0, V a may be identified with the space of homogeneous
polynomials of degree a in the variables x and y where x and y are a
weight-space basis for V. Hence one may define
u : Hm V d “ V p q 1Ž . Ž .
› my 1 fi
via u f n ??? n f s det .Ž .1 m jy1 myjž /› x › y 1F i , jFm
One can show that u is surjective and G-linear.
2.4. Some Important Reductions
We observe the following trivial but useful fact:
Ž .2.4.1. Let 1 F m - n be positi¤e integers. If m n y m - p, then m - p
and n - p.
Ž .This implies in particular that if V g M and N V is non-empty, then
dim V - p for each i. Next, we observe:i
2.4.2. Theorem 3 holds pro¤ided it is ¤erified when the field K is alge-
braically closed.
Ž . XProof. Let V g M and m g N V . If K = K is a field extension, one
has easily
Hm V m K X , HmX V m K X ,Ž .Ž .K k K K
X Ž X X.where V m K s V m K , . . . , V m K .K 1 K s K
m Ž X. mXIn particular, if H V m K is semisimple, then also H V is semisim-K K K
ple. It only remains to see that V m K X is semisimple for each j. Sincej K
w xdim V - p, the argument invoked in Ser94, Lemme 1 applies; Serre'sK j
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Ž .argument shows that the center of End V is a separable field extensionG j
of K, and hence that V is absolutely semisimple.j
We assume from now on that K is algebraically closed.
2.4.3. Theorem 3 holds pro¤ided it is ¤erified for those V g M for which
all V are simple.i
Proof. Let S denote the set of all finite sequences of positive integers,
Ž .and give S the following partial ordering. For a s a , . . . , a , b s1 s
Ž . sb , . . . , b g S , we say that a F b provided that s G t and Ý a s1 t is1 i
Ýt b .js1 j
Observe that each a g S lies over a minimal element in this order;
Ž .namely, if a s Ýa , then the tuple b s 1, 1, . . . , 1 is the unique minimali ^ ‘ _
aelement of S that satisfies b F a .
If V g M is of type s, put
l s l V s len V , . . . , len V ,Ž . Ž . Ž .Ž .1 s
Ž . Ž .where len V denotes the length number of composition factors of thej
KG module V .j
Ž .Consider V g M , with corresponding l s l V g S . Observe that all of
the modules in V are simple if and only if l is minimal in S ; since there is
nothing to prove in that case, assume that l is not minimal, and that the
Ž .theorem is known for any W g M for which l W - l. Without loss of
generality, assume that V , V X [ V Y, where V X and V Y are non-zero KG1 1 1 1 1
modules. Let d, dX, dY denote the dimensions of V , V X, V Y.1 1 1
Ž .For m g N V one has
Hm V , HnŽi , j. W[
iqjsm1
Ž X Y . Ž . Ž .where W s V , V , V , . . . , V and n i, j s i, j, m , m , . . . , m for 0 F j1 1 2 s 2 3 s
F m . Note that HnŽi , j. W s 0 unless 1 F i F dX and 1 F j F dY.1
Ž .It is straightforward to see that l W - l; the result follows by induction
Ž . Ž . nŽi , j.provided we argue that n i, j g N W whenever H W / 0. The re-
quired assertion follows immediately from the inequality
m d y m s i dX y i q j dY y j q i dY y j q j dX y iŽ . Ž . Ž . Ž . Ž .1 1
G i dX y i q j dY y j .Ž . Ž .
ÄŽ .  Ž . 4For V g M , put N V s m g N V : 1 F m F dim V r2 for each i .i K i
2.4.4. Theorem 3 holds pro¤ided it is ¤erified for e¤ery V g M and
ÄŽ .m g N V .
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Proof. A KG module W is semisimple if and only if the dual module
W U is semisimple; similarly, W is semisimple if and only if W m L is
semisimple for any 1-dimensional representation L.
Ž .Let V g M , and m g N V . Suppose V has type s, and consider J :
 4 X X1, 2, . . . , s . Let m be the s-tuple such that m s n y m for i g J, whilei i i
mX s m otherwise. Define VX by the rule V X s V U for i g J, and V X s Vi i i i i i
X Ä XŽ . Ž .otherwise. Evidently one has m g N V . It follows from 2.2.1 that
Hm V , Hm
X
VX m L for some 1-dimensional KG module L; since Hm
X
VXK
mis semisimple by assumption, the semisimplicity of H V is obtained.
A KG-module V will be called tensor decomposable if V , X m Y forK
KG modules X and Y with dim X ) 1 and dim Y ) 1; otherwise, V isK K
tensor indecomposable.
Of course, any module of prime dimension is tensor indecomposable. A
straightforward induction shows that any KG module may be written in at
least one way as a tensor product of finitely many tensor indecomposable
modules.
2.4.5. Theorem 3 holds pro¤ided it is ¤erified for those V g M for which
each V is tensor indecomposable.i
Proof. Assume the conclusion of Theorem 3 is valid for those V g M
for which each V is tensor indecomposable, and let V g M be arbitrary.i
According to 2.4.4, we must show that Hm V is semisimple for each
ÄŽ .m g N V . Let j G 0 be the number of i such that V is tensor decompos-i
able; if j s 0 there is nothing to do, so suppose j ) 0 and proceed by
induction on j.
Without loss of generality we may suppose that V is tensor decompos-1
able, say
V , X m X m ??? m X ,1 1 K 2 K K r
ÄŽ .with X tensor indecomposable and r G 2. Fix m g N V and puti
W s X , . . . , X , X , . . . , X , . . . , X , . . . , X , V , . . . , V ,1 1 2 2 r r 2 sž /^ ‘ _^ ‘ _ ^ ‘ _
m m m1 1 1
n s 1, . . . , 1 , m , m , . . . , m .ž /2 3 s^ ‘ _
rm1
Evidently Hm V is a quotient of Hn W. The list W has only j y 1 tensor
decomposable modules, so the result follows by induction provided n g
Ž .N W .
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Let x s dim X for 1 F i F r, and let d s x ? x ??? x s dim V .i K i 1 2 r K 1
Observe that
n dim W y n s m x q x q ??? qx y rŽ . Ž .Ý i K i i 1 1 2 r
i
q m dim V y m .Ž .Ý j K j j
jG2
ÄŽ . Ž .Since m g N V , one has m F dr2 which implies that m d y m1 1 1
1 Ž .G m d. So, it suffices to prove that m x q x q ??? qx y r F m dr2,1 1 1 2 r 12
or, equivalently that
x x ??? x1 2 r G x q x q ??? qx y r . 2.4Ž .1 2 r2
Since x G 2 for each i, we may write x s 2 q y for a non-negative y ;i i i i
thus
x ??? x 1 11 r rs 2 q y ??? 2 q y G 2 q 2 y q 2 y q ??? q2 yŽ . Ž . Ž .1 r 1 2 r2 2 2
s 2 ry1 q x q x q ??? qx y 2 r .1 2 r
ry1 Ž .As r G 2, one has 2 G r and the inequality 2.4 is verified.
3. THE PROOF IN THE CASE OF A LINEAR
ALGEBRAIC GROUP
Let G be a linear algebraic K-group, where K is an algebraically closed
field of characteristic p ) 0. Assume that
w 0 xG : G k 0 mod p ,Ž .
where G0 denotes the identity component of G. Throughout this section,
we fix V g M and we assume that V is rational, i.e., that each V is ai
Ž Ž .rational representation of G i.e., that the homomorphism G “ GL V isi
.a morphism of algebraic groups .
3.1. Main Result in the Algebraic Case
In this section, we prove the following statement:
3.1.1. The conclusion of Theorem 3 is ¤alid in case G is an algebraic
w 0 xgroup for which G : G is prime to p and V is rational.
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3.2. Reduction to the Quasisimple Case
Since the finite group GrG0 has order prime to p, all of its representa-
tions in characteristic p are semisimple. Since G is an extension of GrG0
0 wby the connected algebraic group G , it follows from Ser94, Sect. 3.4,
x mLemma 5 that H V is semisimple for G if and only if it is semisimple for
G0. Thus we may and shall assume that G is connected.
s Ž .Let N 1 G denote the kernel of the homomorphism G “ Ł GL V .is1 i
Since [s V is a semisimple KG-module, it is well known that GrN isiis1
reductive. Since Hm V is semisimple for G if and only if it is semisimple
for GrN, we may replace G by GrN and hence assume that G is
connected and reductive.
Ž w x.Now, for connected reductive G, there is see, e.g., Spr98, Chap. 9 an
isogeny
G = T “ G,Ł i
i
where Ł G is a finite direct product of simply connected, quasisimplei i
w xalgebraic groups, and T is a torus. It follows from Jan96, Sect. 3 that a G
module W is semisimple if and only if W is a semisimple module for each
Ž .G and for T , which is trivial .i
Hence, we may assume that G is simply connected and quasisimple.
3.3. The Simply Connected, Quasisimple Case
Let T be a maximal torus of G, let X denote the character group of T ,
and let F denote the set of roots of T. Choose a Borel subgroup B of G
containing T ; this choice determines a system of positive roots. Pick a
system of simple roots D and for a g D, let ˆ g X denote the corre-a
sponding fundamental dominant weight.
A weight l s Ý n ˆ g X is called dominant if n G 0 for every a ,a g D a a a
and a dominant weight l is called restricted if n - p for every a . Thea
subset of dominant weights is denoted Xq and the subset of restricted
weights is denoted X .1
For each dominant weight, there is a corresponding simple rational G
Ž .module denoted L l ; furthermore, any simple rational G module is
Ž .isomorphic to a unique L l .
Ž .For a dominant weight l, we have a finite p-adic expansion
l s l q pl q p2l q ???0 1 2
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with each l restricted. The importance of representing weights in this wayi
is the following result:
Ž .3.3.1. STEINBERG'S THEOREM . For l as abo¤e, there is a G-module
isomorphism
w xiL l , L lŽ . Ž .m i
iG0
where W w d x denotes the d-fold Frobenius twist of a rational G module W.
As a consequence, note that if l s pilX for lX g X , then for any m1
w xw x iiX Xm m mH L l , H L l , H L l . 3.3Ž . Ž . Ž . Ž .Ž .Ž .
According to 2.4.3 we may assume that each V is simple; thus there arei
Ž .dominant weights l such that V , L l . By 2.4.5 we need consider onlyi i i
tensor indecomposable simple modules, so we may assume, in view of
Steinberg's theorem, that l s p Nim , where m is restricted and N G 0.i i i i
We will prove the following
3.3.2. Assume that N s 0, i.e., that l g X , for each i. Then Hm V isi i 1
semisimple and each composition factor has restricted highest weight.
For the moment, though, let us observe that 3.3.2 suffices to prove 3.1.1.
Ž .Indeed, if s s 1, 3.3 permits one to reduce to the case l g X , so we1 1
may suppose s ) 1 and proceed by induction on s.
Without loss of generality, we may suppose that l , . . . , l g X and1 t 1
Ž .l , . . . , l g pX. For any m g N V , one hastq1 s
X Y w x1X Ym m mH V , H V m H V ,Ž .
X Ž . Y Ž . X Ž . Ywhere m s m , . . . , m , m s m , . . . , m , V s V , . . . , V , and V1 t tq1 s 1 t
Ž wy1x wy1x. mY Ys V , . . . , V . If t s 0, it suffices to prove that H V is semisim-tq1 s
ple; working by induction on the minimal value of N , one may reduce toi
the case t ) 0.
This being done, 3.3.2 shows that Hm
X
VX is semisimple and all its
composition factors have restricted highest weight. By induction on s, the
mY Y Ž .module H V is semisimple, and 3.3 shows that all of its composition
factors have highest weight in pX. Steinberg's theorem now shows that
Hm V is itself semisimple.
In the remainder of this section, we finish the verification of 3.1.1 by
proving 3.3.2.
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3.4. The Linkage Principle
Let C ; Xq denote the closure of the lowest dominant alcove for the
dot action of the affine Weyl group W . Then C is a fundamental domainp
for this action of W . The dominant weights in this set can be described asp
q q q ² :C s C l X s l g X : l q r , b F p ,Ï 4
Ã q  4where b is the highest short root in F. Denote by C the set C j 0 .
ÃThe following gives for us a useful criteria for membership in C.
w x Ž .3.4.1 Ser94, Propositions 3 and 5 . Let l g X , If dim L l - p then1 K
Ã² :l s 0 or l q r, b - p; equi¤alently, l g C.Ï
Ž w x.The linkage principle see Jan87, II.6 implies the following:
Ãw x Ž .3.4.2 Jan87, II.6.13, II.5.10 . If l g C, then dim L l is equal to theK
Ž .¤alue d l of the Weyl degree formula:
² :l q r , aÏ
d l s .Ž . Ł ² :r , aÏa)0
w xLet the character of a G module M be the element of Z X given by
Ž . mch M s Ý dim M e , where M denotes the m weight space of Mmg X K m m
m w x q Ž .and the e are basis elements for Z X . For l g X , let L l denote theQ
simple module with highest weight l for the split simple Q Lie algebra gQ
Ž Ž .. Ž . Žwith root system F; we denote ch L l by x l the character of a gQ Q
module is defined via the weights of a maximal toral subalgebra on the
.module . For m G 1, it follows from the representation theory of g thatQ
Ž . qthere is a finite subset H l, m ; X such that
ch Hm L l s m x m 3.4Ž . Ž . Ž .Ž . ÝQ m
Ž .mgH l, m
for suitable multiplicities m ) 0.m
Ã w x Ž Ž .. Ž Ž ..For l g C, Jan87, II.6.13 actually shows that ch L l s ch L l ; itQ
w xfollows from Bou72, VIII, Sect. 7, exerc. 11 that:
Ã m mŽ Ž .. Ž .3.4.3. For l g C and m G 1, ch H L l s ch H L l . In particu-Q
m Ž . Ž .lar, any weight n of H L l satisfies n F m for some m g H l, m .
The significance of the linkage principle for semisimplicity is demon-
strated by:
Ã 1w Ž .x Ž Ž . Ž ..3.4.4 Jan87, II.6.17, II.2.12 1 . If l, m g C, then Ext L l , L mG
s 0.
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ÃAfter one notes C ; X , 3.4.4 has the immediate consequence:1
² :3.4.5. Suppose that n q r, b F p for each weight n of the G moduleÏ
M. Then M is semisimple and each composition factor of M has restricted
highest weight.
3.5. Weight Considerations
Ž . qLet us say that an admissible pair l, m consists of l g X and
Ž .1 F m F d l r2 such that
² :n q r , b F m d l y m 3.5aÏ Ž . Ž .Ž .
Ž .for each n g H l, m .
Ž .Remark 3.1. Let l, m be a pair as above. Since each weight n g
Ž . Ž .H l, m satisfies n - ml, one knows that l, m is admissible in case
² : Ž Ž . .ml q r, b F m d l y m .Ï
Define a partial order relation on Xq by the following simple rule: say
that m “ l provided l y m g Xq.
Ž . ² :3.5.1. Let c ) 0 be a real number. Suppose that d m G c m q r, b .Ï
Ž . ² :If m “ l, then d l G c l q r, b .Ï
Proof. For any positive root a , we have
² : ² : ² :l q r , a y m q r , a s l y m , a G 0Ï Ï Ï
since l y m g Xq. Inspecting the Weyl degree formula, it is then clear
that
² : ² :l q r , b l q r , bÏ Ï
² :d l G d m ? G c m q r , bÏŽ . Ž .
² : ² :m q r , b m q r , bÏ Ï
² :G c l q r , b ,Ï
as desired.
Remark 3.2. The numbers of the fundamental dominant weights used
in the following result, and throughout this paper, are those used in the
w xtales in Bou72 .
3.5.2. Suppose the rank of the root system is at least 2, and let l g Xq.
Then
² :d l G 2 l q r , b , 3.5bÏŽ . Ž .
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Ž .unless l is among the set of weights E s E F indicated in the following
table:
F E F E
A ˆ , ˆ , 2ˆ , 2ˆ C , r G 3 ˆ2 1 2 1 2 r 1
A ˆ , ˆ , ˆ D , r G 5 ˆ3 1 2 3 r 1
A , r G 4 ˆ , ˆ D ˆ , i s 1, 3, 4r 1 r 4 i
B ˆ , ˆ G ˆ , ˆ2 1 2 2 1 2
B ˆ , ˆ3 1 3
B , r G 4 ˆr 1
w xRemark 3.3. In McN98a , the author proves a slightly stronger esti-
Ž . ² :mate of this sort, namely, that dim L l G r l q r, b for almost all l.ÏK
However, the list of exceptional l is larger, and the techniques used are
somewhat more unwieldy than the argument given here due to the fact
Ž . Ž .that dim L l / d l in general.K
Sketch of proof. Initially, let l be a fundamental dominant weight. In
w x Ž .Bou72, Table 2 , the value of d l is recorded for each indecomposable
root system and each fundamental dominant weight. A straightforward
² :computation of l q r, b in each case yields immediately the assertionÏ
Ž .that l satisfies 3.5b unless l is among the specified exceptions.
In view of 3.5.2, the assertion holds for F s E , E , E , E . Further-6 7 8 4
Ž .more, it suffices to prove that 3.5b is valid for l s m q m for all1 2
Ž .possible fundamental weights m and m which fail to satisfy 3.5b ; in1 2
most cases this is true. We list below those l for which one must check
Ž . Ž .3.5b , and we indicate the value of d l for each such l; it is then
Ž .straightforward to verify 3.5b . For unbounded rank, we provide refer-
Ž .ences for the dimension assertions; in low rank the calculation of d l is
Žstraightforward note that some labor may be avoided in case F s
Ž . w xA , B , G , as d l is given in closed form in Hum80, Sect. 24.3 for those2 2 2
.F .
v wF s A , r G 4: l s 2ˆ , 2ˆ , ˆ q ˆ . According to McN98a,r 1 2 1 r
x Ž .Proposition 4.2.2, 4.6.8 one has for r G 1
r q 2d 2ˆ s d 2ˆ s and d ˆ q ˆ s r r q 2 .Ž . Ž . Ž . Ž .1 r 1 rž /2
v Ž .F s A : l s 2ˆ . d 2ˆ s 20.3 2 2
v Ž .F s A : l s 3ˆ , 3ˆ , 2ˆ q 2ˆ . d l s 10, 10, 27, respectively.2 1 2 1 2
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v F s B , r G 4; F s C , r G 3; F s D , r G 5: l s 2ˆ . Accordingr r r 1
w xto McN98a, Proposition 4.2.2, 4.7.3, 4.8.1 one has
2 r q 2d 2ˆ s y « where « s 1, 0, 1Ž .1 ž /2
for F s B , C , D , respectively.r r r
v Ž .F s B : r s 2, 3, l s 2ˆ , 2ˆ , ˆ q ˆ . When r s 2, d l sr 1 r 1 r
14, 10, 16, respectively.
Ž .When r s 3, d l s 27, 35, 48, respectively.
v  4 Ž .F s D : l s ˆ , ˆ q ˆ for all pairs i, j g 1, 3, 4 . d ˆ s 28,4 2 i j 2
Ž . Ž .  4d ˆ q ˆ s 56 for i / j. d 2ˆ s 35 for each i g 1, 3, 4 .i j i
v Ž .F s G : l s 2ˆ , 2ˆ , ˆ q ˆ . d l s 27, 77, 64, respectively.2 1 2 1 2
Ž .Our goal is to list those pairs l, m which fail to be admissible. Toward
this end, we introduce the subset E X ; E as follows.
X X
F E F E
Ž . Ž .A r G 2 ˆ , ˆ D r G 5 ˆr 1 r r 1
Ž .B r G 2 ˆ D ˆ , ˆ , ˆr 1 4 1 3 4
Ž .C r G 2 ˆr 1
q Ž . Ž .3.5.3. Let l g X and let 1 F m F d l r2. Then l, m is admissible
unless one of the following holds:
1. F s A .1
X Ž . Ž .2. m s 1, l g E and F is one of A r G 2 , B r G 2 , or Cr r r
Ž .r G 2 .
3. m s 2, l s ˆ and F s C .1 2
Ž .If l, m is not admissible, then
² :m q r , b F m d l y m q 1 3.5cÏ Ž . Ž .Ž .
Ž .for any m g H l, m .
Ž .Proof. We first verify 3.5c when F has rank 1. In this case X may be
q Ž .identified with Z, and X with Z . For a g X, one has d a s a q 1; ifG 0
Ž . m Ž .1 F m F a q 1, the g s sl Q module H L a has highest weightQ 2 Q
given by
b s a q a y 2 q ??? q a y 2 m y 1Ž . Ž .Ž .
my1
s ma y 2 j s m a q 1 y m ,Ž .Ý
js1
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² : Ž .whence b q 1 s b q r, b s m a q 1 y m q 1. The remaining asser-Ï
Ž .tions of 3.5c are straightforward to verify for the indicated inadmissible
pairs; we omit the details.
For the remainder of the proof, we assume that the rank of F is at least
Ž .2; assume first that l f E , i.e., that l satisfies 3.5b . As noted in Remark
3.1, one may test admissibility by considering n s ml; for such a l one
has
m ? d lŽ .
² : ² :ml q r , b F m l q r , b F F m d l y m .Ï Ï Ž .Ž .
2
Ž .Thus l, m is admissible.
X Ž .Now let l g E _ E ; in this case one deduces the admissibility of l, m
Ž .for each 1 F m F d l r2 via Remark 3.1 and the following data:
Ž . ² :F l d l ml q r, bÏ
A 2ˆ , 2ˆ 6 2m q 22 1 2
A ˆ 6 m q 33 2
B ˆ 8 m q 53 3
G ˆ 7 2m q 52 1
G ˆ 14 3m q 52 2
X wFinally suppose that l g E . It follows from constructions in Bou72,
x Ž . Ž .VIII that in the expression 3.4 one has m s 1 for each m g H l, m ,m
Ž . Ž .and that H l, m is as specified in the following table 3.5d . For type A ,r
w xB , and C , see loc. cit., VIII, Sect. 13, No. 1, 2, 3, respectively ; for typer r
w xD , see loc. cit., VIII, Sect. 13, No. 4 and Exerc. VIII, Sect. 13.10 . Noter
m Ž .that a description of the character H L ˆ for type D and i s 3, 4 isi 4
m Ž . .easily obtained by triality from the given description of H L ˆ .1
Ž . Ž .F l d l Conditions H l, m
A ˆ r q 1 1 F m F r ˆr 1 m
A ˆ r q 1 1 F m F r ˆr r rq1ym
B , r G 2 ˆ 2 r q 1 1 F m F r y 1 ˆr 1 m
B , r G 2 ˆ 2 r q 1 m s r 2ˆr 1 r
Ž .C , r G 2 ˆ 2 r 1 F m F r, m ’ 0 mod 2 ˆ , ˆ , . . . , ˆ , 0 3.5dŽ .r 1 m my2 2
Ž .C , r G 2 ˆ 2 r 1 F m F r, m ’ 1 mod 2 ˆ , ˆ , . . . , ˆ , ˆr 1 m my2 3 1
D , r G 4 ˆ 2 r 1 F m F r y 2 ˆr 1 m
D , r G 4 ˆ 2 r m s r y 1 ˆ q ˆr 1 r ry1
D , r G 4 ˆ 2 r m s r 2ˆ , 2ˆr 1 r ry1
X Ž .To complete the proof, fix l g E and let d s d l , 2 F m F dr2.
Ž . Ž . Ž .Suppose n g H l, m . Once has m d y m G m dr2 G d, so in this case
Ž . ² :the admissibility of l, m follows provided n q r, b F d; the data inÏ
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Ž . Žtable 3.5d permit one to verify this latter condition holds if F / C andr
.m G 2 .
Suppose now that F s C ; we only must consider l s ˆ . Using tabler 1
Ž . ² : Ž .3.5d , one checks that n q r, b F 2 r q 1 for each n g H l, m . As-Ï
Ž .sume first that 3 F m F dr2 s r ; in that case m d y m G 3r G 2 r q 1
and the result holds. When m s 2 and r G 3, one gets the desired result
Ž . Ž . Ž .by noting m d y m s 2 2 r y 2 s 4 r y 1 G 2 r q 1.
The above handles m G 2. When m s 1, we only must consider F s Dr
² :and the weight l s ˆ . The table shows that n q r, b s 2 r y 2 -Ï1
Ž .  42 r y 1 s d y 1 for each n g H l, 1 s ˆ , whence the admissibility of1
Ž .ˆ , 1 in this case.1
ŽWe are now in a position to complete the proof of 3.3.2 and hence of
. Ž Ž . Ž ..3.1.1 . Let V s L l , . . . , L l with each l restricted, and let m g1 s i
Ä ÃŽ . Ž .N V . In view of 3.4.1 , l g C for each i.i
Any weight n of Hm V has the form n s n q ??? qn where n is a1 s i
m i Ž . Ž .weight of H L l . According to 3.4.3, there is a weight m g H l , mi i i i
² : ² :with n F m ; since n , b F m , b , we may as well assume thatÏ Ïi i i i
Ž .n g H l , m for each i. We will verify 3.3.2; in most cases we will do thisi i i
by checking that 3.4.5 holds.
Ž .After re-ordering, we may suppose that for some 1 F i F s q 1, l , mj j
is admissible if and only if j - i.
Ž .Suppose first that i ) 1; in this case note that 3.5c yields
² : Ž Ž . .l , b F m d l y m for i F k. Combining this with the admissibil-Ïk k k k
ity of the first i y 1 weights yields
iy1 s
² : ² : ² :n q r , b F n q r , b q n , bÏ Ï ÏÝ Ýj j
js1 ksi
s
F m d l y m - p ,Ž .Ž .Ý l l l
ls1
as desired.
Ž .Now suppose that i s 1, i.e., that no pair l , m is admissible. Ifj j
Ž .F s A , we have by 3.5c1
s
² :b s n , b F m d l y m - p ,Ï Ž .Ž .Ý i i i
is1
² :whence b q 1 s n q r, b F p, as asserted. So we now assume that theÏ
rank of F is at least 2. If s s 1, the semisimplicity of Hm V is trivial in
case m s 1; the only situation not handled by this observation is m s 2,1 1
2 Ž .l s ˆ , F s C . A straightforward computation shows that H L ˆ is1 1 2 1
wsemisimple with restricted composition factors unless p s 2; see McN98a,
x Ž .Lemma 4.5.3 and note that p s 2 is ruled out by the condition m g N V .
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Ž .Finally, suppose s ) 1. Using 3.5c , one has
s
² : ² : ² :n q r , b F n q r , b y s y 1 r , bÏ Ï ÏŽ .Ý i
is1
s
² :F m d l y m q s y s y 1 r , bÏŽ . Ž .Ž .Ý i i i
is1
- p y h y 2 s q h y 1,Ž .
² : Ž .where h y 1 s r, b G 2 h is the Coxeter number . Since s G 2, oneÏ
h y 1has s G and 3.4.5 is verified in this case.h y 2
This completes the proof of 3.1.1.
Ž . XRemark 3.4. Let V s L l , l g E . More can be said about the G
module Hm V. If F s B or D , assume p / 2. If F s C , assume p ) r.r r r
m Ž .Then one has H V , [ L m . These assertions are verified inmg H Žl, m.
w xMcN98a, Proposition 4.2.2 in the following situations: F s A ; F s Br r
and m - r ; F s D and m - r y 1. For F s B , the assertion for Hr Vr r
w x ry1follows from Sei87, 8.1 ; for F s D , the assertion for H V followsr
w x w xfrom Sei87, 8.1 . When F s C , see McN98b, Proposition 6.3.5 wherer
the indecomposable summands of Hm V are worked out for all p. The only
remaining situation is Hr V for type D . As a suitable reference was notr
located, we sketch an argument.
Ž .Let F be a field of characteristic p G 0, p / 2, and let V, q be a
non-degenerate quadratic F-space with dim V s 2 r, r G 3. Let G sF
Ž .SO V, q ; then G is the group of F points of an algebraic group G of type
Ž .D , and V is an F-form of the rational G module L ˆ . Assume that Vr 1
 4 Ž . Ž .has an orthogonal basis e for which q e s a , and let D s D q si i i
Ž . ry1 a ??? a ; of course a different choice of orthogonal basis results in1 2 r
= Ž =. 2a different value of D, but any choice yields the same element in F r F .
X 'Ž .In particular, the field extension F s F D is well defined.
w Ž .x rIn KMRT98, Proposition 10.22 , a G-automorphism t of H V is
constructed with the property that t 2 is given by multiplication with 1rD.
Let V X s V m FX; then Hr V X is the direct sum of eigenspaces E for tF "
X'with eigenvalues "1r D . These eigenspaces are F G submodules of
r X Ž X Ž X X. .H V in fact, they are even F SO V , q submodules .
Write V s Fe [ W as an orthogonal sum with e non-singular, and let
Ž .H s SO W F G. Then H is the group of F points of an algebraic group
of type B . Evidentlyry1
resG Hr , Hry1 W [ Hr W .Ž .H V
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Ž . r ry1Using 2.2 , we have H W , H W, and we have already seen that this
G Ž r X .module is absolutely simple for FH. Since res H V has length 2, itH
follows at once that the FXG modules E are simple. Working over an"
Ž .algebraic closure F or over any field which splits q , one finds that the
rhighest weights of H V m F are 2ˆ and 2ˆ ; since these weights areF r ry1
r Ž .incomparable, it follows by length considerations that H V m F , L 2ˆF r
Ž .[ L 2ˆ . In particular, E and E are non-isomorphic. This gives thery1 q y
claimed result. We have shown that Hr V is an absolutely semisimple FG
Ž =. 2 Ž r .module of absolute length 2. If D g F then End H V , F = F;F G
Ž r . X rotherwise End H V , F and H V is simple for FG.F G
4. THE PROOF FOR AN ARBITRARY GROUP
The argument presented in this section follows very closely that given in
w xSer94 . For completeness we outline the entire argument.
4.1. Saturation
Ž .Let V be a vector space of dimension n over K, and let u g GL V be
an element of order p. Then x s u y 1 is a nilpotent endomorphism of V
satisfying x p s 0.
Ž .One defines a homomorphism f : K “ GL V by using a truncateds
Ž . t Ž .exponential. More precisely, for t g K, define f t s u g GL V to beu
py1 t t y 1Ž .tt i 2u s x s 1 q tx q x q ??? . 4.1Ž .Ý ž /i 2is0
w x Ž .4.1.1 Ser94, Sect. 4.1 . The homomorphism f : K “ GL V is uniquelyu
characterized by the following properties:
Ž .P1. f 1 s u.u
Ž t .P2. f has degree - p i.e., t ‹ u is polynomial in t of degree - p .u
Ž .A subgroup H F GL V is called saturated if every unipotent element u
of H satisfies u p s 1 and ut g H for every t g K.
From our point of view, the important fact about saturated subgroups of
Ž .GL V is the following:
w x Ž .4.1.2 Ser94, Proposition 11 . Let H F GL V be an algebraic subgroup
w 0 x Ž . 0which is saturated. Then H : H k 0 mod p , where H denotes the
identity component of H.
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4.2. The Proof of Theorem 3
Let G be a group, let V be a sequence of semisimple G modules of
Ž . Ž .dimension n , and let m g N V . Let H denote the subgroup of GL V si
Ž . Ž . m Ž .GL V = ??? = GL V consisting of all elements x so that H x s1 s
Hm1 x m ??? m Hm s x leaves stable each subspace of Hm V which is stable1 s
Ž . munder G. Then H is an algebraic subgroup of GL V , and H V is a
rational H module. Furthermore, Hm V is a semisimple G module if and
only if it is a semisimple module for H.
In view of the results of Section 3, Theorem 3 will follow provided that
w 0 x Ž .we argue H : H k 0 mod p . To verify this property, we invoke 4.1.2;
we must verify that H is saturated.
4.2.1. Let u g H be unipotent. Then u p s 1.
Ž w x.Proof. This follows as noted in Ser94, 4.2 since every unipotent in
Ž .GL V has this property when dim V F p.i K i
4.2.2. Let u g H be a unipotent element. Then u t g H for all t g K.
m Ž t.Proof. We must verify that H u leaves stable each G-invariant
m Ž m . tsubspace of H V. It is straightforward to see that H u leaves stable
m m Ž t.each G-invariant subspace of H V, so it suffices to show that H u s
Ž m . t m Ž 1.H u . In view of the uniqueness in 4.1.1 and the fact that H u s
Ž m .1 m Ž t.H u , it suffices to show that t ‹ H u is polynomial of degree f - p.
Let f denote the degree of the map t ‹ Hm i ut; evidently f s Ýs f .i i is1 i
Thus we are reduced to showing the following:
Ž .4.2.3. If V is a K ¤ector space and u g GL V is unipotent, then the
m Ž t. Ž .degree f of t ‹ H u satisfies f F m dim V y m .K
Let e , e , . . . , e be a basis of V chosen so that the unipotent element u1 2 n
fixes the ``standard flag''
E s 0 ; E s Ke ; E s Ke q Ke ; ??? ; E s V .0 1 1 2 1 2 n
Ž .It follows that x s u y 1 satisfies x E : E .i iy1
We adopt the convention that e s 0 if i F 0 or i ) n. For each m-tuplei
“of integers a, let
“ me a s e n e n ??? n e g H V .Ž . aŽ1. aŽ2. aŽm.
“ “Ž . Ž .Of course e a s 0 if any two components of a coincide, or if any a i fails
“< < Ž .to lie between 1 and n. Put a s Ý a i . It is straightforward to verify that:i
“ “Ž .4.2.4. If a is an m-tuple such that e a / 0, then
m m q 1 m m y 1Ž . Ž .“< <F a F mn y .
2 2
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“ “Ž .Fix a with e a / 0, and consider the morphism
“
mf : K “ H Va
“m t m tŽ . Ž . Ž .given by t ‹ H u ? e a . The degree of the polynomial map t ‹ H u
“ Ž .4“is equal to sup deg f , the sup taken over all choices of a as above.a
In view of the definition of ut and the fact that
“m t t t tH u e a s u e n u e n ??? n u e ,Ž . Ž . Ž . Ž . Ž .aŽ1. aŽ2. aŽn.
it suffices to show the following:
““ “Ž .4.2.5. Let a be such that e a / 0. Whene¤er b is an m-tuple of positi¤e
“ ““< < Ž . Ž .integers with b ) m n y m , then e a y b s 0.
“< <To prove this, we note that 4.2.4 gives an upper bound for a , so we
have
m m y 1Ž .“ ““ “ “< < < < < < < <a y b s a y b - a y m n y m F mn y y m n y mŽ . Ž .
2
m m q 1Ž .
s ,
2
““Ž .whence e a y b s 0 by the lower bound given in 4.2.4. We have thus
verified 4.2.2
The fact that H is saturated now follows; as noted above, this completes
the proof of Theorem 3.
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